Abstract. In this paper, we introduce the class of multivalued relaxed µ quasimonotone operators and establish the existence of solutions of variational inequalities for such operators. This result is compared with a recent result of Bai et al on densely relaxed pseudomonotone operators. A similar comparison regarding an existence result of Luc on densely pseudomonotone operators is provided. Also, we introduce a broad class of functions, called relaxed quasiconvex functions, and show that they are characterized by the relaxed µ quasimonotonicity of their subdifferentials. The results strengthen a variety of other results in the literature.
Introduction
Let X be a normed space with norm · and dual space X * . Let K be a nonempty convex subset of X and T : K → 2 X * \{∅} a multivalued operator. The Stampacchia variational inequality problem for T is to find x ∈ K such that ∀y ∈ K, ∃x * ∈ T (x) : x * , y − x ≥ 0.
The usual assumptions for proving the existence of solutions for (1) involve some kind of upper semicontinuity, and some kind of generalized monotonicity for the operator T . Various generalized monotonicity assumptions were used, such as: T is pseudomonotone (Refs. 1, 2 ); T is quasimonotone, single valued, and K has inner points (Ref. T is quasimonotone (without any assumption on the existence of inner points) (Ref. 6 ) . A different kind of generalization, namely relaxed monotonicity (or else weak monotonicity, or global hypomonotonicity) was considered by various authors in relation with algorithms for finding a solution of variational inequalities or equilibrium problems; see, e.g., Refs. 7, 8 . However, in these papers existence of a solution of the variational inequality was assumed rather than shown.
Recently, those different generalizations were combined and existence of solutions of (1) was shown for the case of single valued, densely relaxed µ pseudomonotone operators (Refs. 9, 10 ).
In the present paper we will introduce the broader class of multivalued relaxed µ quasimonotone operators and establish the existence of solutions of (1) for such operators. This is done in Section 2, where we also compare our main result with a recently obtained result for densely relaxed pseudomonotone operators (Ref. 10 ) . With an analogous method, we investigate the relation of densely pseudomonotone operators introduced by Luc (Ref. 5 ) to properly quasimonotone operators. In Section 3 we introduce a broad class of functions, called relaxed µ quasiconvex functions, and show that they are characterized by the relaxed µ quasimonotonicity of their subdifferentials.
We fix the notation and introduce some definitions. Given x, y ∈ X, we will denote by [x, y] the line segment
A multivalued operator T : K → 2 X * \{∅} is called upper hemicontinuous if its restriction to line segments of K is upper semicontinuous with respect to the weak * topology of X * . If T is single valued, it is called hemicontinuous if its restriction to line segments of K is continuous with respect to the weak * topology of X * . We denote by S(T, K) the set of solutions of the variational inequality (1):
Also, we denote by LM (T, K) the set of local solutions (Ref. 6 ) of the Minty variational inequality
where U is a neighborhood of x.
The following definition generalizes Definition 2.1.
(ii) of Ref. 10 to the multivalued case. Let µ > 0 be given.
X * \{∅} is called relaxed µ quasimonotone if for all x, y ∈ K and x * ∈ T (x), y * ∈ T (y), the following implication holds:
We also introduce the relaxed Minty variational inequality
and denote by RM (T, K) the set of x ∈ K that satisfy (2). We recall that a set-valued mapping G : K → 2 X is said to be a KKM mapping if for any {x 1 , ..., Lemma 1.1 Assume that K is a nonempty compact convex subset of a Hausdorff topological vector space X. Let K 0 ⊆ K be nonempty and G :
Existence Result
We introduce the following definition. Let µ > 0 be given.
Definition 2.1 An operator T : K → 2 X * \{∅} is said to be properly relaxed µ quasimonotone if for all x 1 , · · · , x n ∈ K, and all x ∈ co{x 1 , · · · , x n }, there exists i ∈ {1, · · · , n} such that
Proposition 2.1 If T is properly relaxed µ quasimonotone then it is relaxed µ quasimonotone.
Proof. Let x, y ∈ K and x * 0 ∈ T (x) be such that x * 0 , y − x > 0. Set x t = x + t(y − x), t ∈ (0, 1). Since T is µ properly relaxed quasimonotone we have either
or
However, (3) implies that
which clearly contradicts x * 0 , y − x > 0. Thus (4) holds. Taking the limit in (4) as t → 0 we deduce that
i.e., T is relaxed µ quasimonotone.
Lemma 2.1 Let K be a nonempty convex subset of a normed space X. If T : K → 2 X * \{∅} is upper hemicontinuous with weakly
Proof. Assume to the contrary that there exists x ∈ RM (T, K) such that x / ∈ S(T, K). Then there exists y ∈ K such that x * , y − x < 0 for all x * ∈ T (x). Since T (x) is weakly * compact, there exists ε > 0 such that
. By upper hemicontinuity, there exists δ > 0 such that T (x t ) ⊆ V for all t ∈ (0, δ), i.e.,
On the other hand, since x ∈ RM (T, K), there exists a constant µ such that for all t ∈ (0, δ) and all x * ∈ T (x t ) we have
It is clear that for t small enough, (5) contradicts (6) .
We deduce that the following alternative holds for every relaxed µ quasimonotone operator.
Proposition 2.2 Let K be a nonempty, convex subset of a normed space X and let T : K → 2 X * \{∅} be relaxed µ quasimonotone. Then, one of the following assertions holds:
Proof. Suppose that T is not properly relaxed µ quasimonotone. Then there exist x i ∈ K, x * i ∈ T (x i ), i = 1, . . . , n and x ∈ co{x 1 , x 2 , . . . , x n } such that
Since the functions x * i , x i − · + µ · −x i 2 are continuous, there exists a neighborhood U of x such that for every z ∈ K ∩ U ,
Proof. According to the preceding proposition, we have either LM (T, K) = ∅ or that T is properly relaxed µ quasimonotone. If LM (T, K) = ∅ then we know that S(T, K) = ∅ (Ref.
For every x 1 , . . . , x n ∈ K and y ∈ co{x 1 , x 2 , . . . , x n }, proper relaxed quasimonotonicity implies that y ∈ n i=1 G(x i ). In addition, for each x ∈ K, G(x) is closed; thus, if K is compact, then for each x ∈ K, G(x) is also compact. By Lemma 1.1, one has x∈K G(x) = ∅, which implies that RM (T, K) = ∅. Finally by Lemma 2.1 we obtain again S(T, K) = ∅.
Below we derive a useful consequence for problem (1) over unbounded sets. We will make use of the following coercivity condition for an operator
∃ρ > 0 such that ∀x ∈ K\B(0, ρ), ∃y ∈ K such that y < x and x * , x − y ≥ 0, ∀x
Theorem 2.1 Let K be a convex unbounded subset of a normed space X and let T : K → 2 X * \{∅} be upper hemicontinuous and relaxed µ quasimonotone on K with weakly * compact values, satisfying coercivity condition (C). Suppose that there exists ρ > ρ such that K ∩ B(0, ρ ) is nonempty and compact. Then S(T, K) = ∅.
Proof. Set K ρ = K ∩ B(0, ρ ). By Proposition 2.3, the set S(T, K ρ ) is nonempty. Choose x 0 ∈ S(T, K ρ ). According to coercivity condition (C), there exists y 0 ∈ B(0, ρ ) ∩ K such that
(If x 0 < ρ we can take y 0 = x 0 ). Now, for every y ∈ K, choose t ∈ (0, 1) such that (1 − t)y + ty 0 ∈ K ρ . Since x 0 ∈ S(T, K ρ ), there exists x * ∈ T (x 0 ) such that
Multiplying (8) by t and adding to (9) yields x * , y − x 0 ≥ 0 which means that x 0 ∈ S(T, K). Note that, in Theorem 2.1, the condition of compactness of K ∩ B(0, ρ ) is satisfied automatically if K is locally compact.
In order to compare our results with those existing in the literature, we recall some definitions. Given a convex subset K of X, a set K 0 ⊆ K is called segment-dense in K if for every x ∈ K there exists x 0 ∈ K 0 such that x is a cluster point of the set [x, x 0 ] ∩ K 0 . Given µ > 0, a single-valued operator T : K → X * is called relaxed µ pseudomonotone at x ∈ K if for every y ∈ K the following implication holds
The operator T is called densely relaxed µ pseudomonotone if there exists a segment-dense set K 0 ⊆ K such that T is relaxed µ pseudomonotone at every x ∈ K 0 . In Ref. 10 , it was shown that if K is compact and T is single valued, hemicontinuous and densely relaxed µ pseudomonotone, then the variational inequality problem has a solution. In order to compare with Proposition 2.3 we first show: Proposition 2.4 Assume that the operator T : K → X * is densely relaxed µ pseudomonotone and hemicontinuous. Then T is properly relaxed µ quasimonotone.
Proof. Suppose that T is not properly relaxed µ quasimonotone. Then there exist x 1 , x 2 , . . . x n ∈ K, x = n i=1 λ i x i with λ i > 0 and
By assumption, there exists v ∈ X and a sequence (t k ) k∈N converging to zero, such that T is relaxed µ pseudomonotone at x k = x + t k v, k ∈ N. From (11) follows that for k sufficiently large,
Since T is relaxed µ pseudomonotone at x k we deduce that
For k sufficiently large one has x k ∈ co{x 1 , x 2 , . . . x n }. Then (12) implies T (x k ), x k − x k < 0, a contradiction. As the previous proposition shows, hemicontinuity together with densely relaxed µ pseudomonotonicity imply that T is properly relaxed µ quasimonotone. In particular, T is relaxed µ quasimonotone, thus the existence result in Ref. 10 can be derived from Proposition 2.3. It should be noted that properly relaxed µ pseudomonotonicity implies that RM (T, K) = ∅ (see the proof of Proposition 2.3), hence the assumptions in Ref. 10 imply that RM (T, K) = ∅. This is not the case when T is only relaxed µ quasimonotone.
Likewise, in Ref. 5 a single-valued operator T : K → X * is called pseudomonotone at x ∈ K if for every y ∈ K the following implication holds:
The operator is called densely pseudomonotone if it is pseudomonotone for every x in a segment-dense subset K 0 of K. Note that the difference with the definition of dense relaxed µ pseudomonotonicity is not simply that one takes µ = 0. However, by a suitable modification of the proof of Proposition 2.4 we obtain a similar result.
Proposition 2.5 Assume that the operator T : K → X * is densely pseudomonotone and hemicontinuous. Then T is properly quasimonotone.
Proof. Suppose that T is not properly µ quasimonotone. Then there exist
By assumption, there exist v i ∈ X and sequences (t
T (x i ) in the weak * topology as k → +∞, thus for k sufficiently large,
Since T is pseudomonotone at x k i we deduce that
From the definition of
Relaxed quasiconvex functions
In this section, nonsmooth relaxed quasiconvex functions will be introduced. We will show that they are characterized by the relaxed quasimonotonicity of their subdifferential.
Throughout this section, X denotes a Banach space with a ∂-smooth renorming (Ref. 12 ) . Given a l.s.c. function f : X → R ∪ {+∞}, ∂f denotes any subdifferential of f (see Ref. 12 ) . We need the following approximate mean value inequality result from Ref. 12 . Definition 3.1 A l.s.c. function f : X → R ∪ {+∞} will be called relaxed µ quasiconvex if for all x, y ∈ X the following implication holds
In order to understand the above definition, it is useful to compare it with the characterization of quasiconvex functions in Ref. 13 : A l.s.c. function is quasiconvex if and only if
Proposition 3.1 Let X be a Banach space with a ∂-smooth renorming and f : X → R ∪ {+∞} be a l.s.c. function. If ∂f is relaxed µ quasimonotone, then f is relaxed µ quasiconvex.
Proof. Suppose that ∂f is relaxed µ quasimonotone. Let x ∈ dom ∂f , y ∈ dom f , x = y, and z ∈ [x, y], z = y be such that
Then we can find µ 0 > µ such that
Letting r = f (y)+µ 0 y − z y − x and applying Lemma 3.1 to y and z, we can find c ∈ [y, z], c = z and sequences x n converging to c and x * n ∈ ∂f (x n ) satisfying lim inf Finally, if 0 < y < x, then f 1 ≥ 0 implies that f 1 (y) ≤ f 1 (x) thus
Thus, (14) holds with ν = 2. On the other hand, f is not relaxed µ quasimonotone for any µ. Indeed, assume that f is relaxed µ quasimonotone. For every y > 0 and every x < 0 one has f (x)(y − x) > 0 thus we should have f (y) ≥ −µ(y − x).
Taking y = 1 n we find
Thus it is clear that (15) This function f 1 has all desired properties.
